Abstract. We augment the list of finite universal locally toroidal regular polytopes of type {3, 3, 4, 3, 3} due to P. McMullen and E. Schulte, adding as well as removing entries. This disproves a related long-standing conjecture. Our new universal polytope is related to a well-known Y -shaped presentation for the sporadic simple group Fi 22 , and admits S 4 × O + 8 (2):S 3 as the automorphism group. We also discuss further extensions of its quotients in the context of Y -shaped presentations. As well, we note that two known examples of finite universal polytopes of type {3, 3, 4, 3, 3} are related to Y -shaped presentations of orthogonal groups over F 2 . Mixing construction is used in a number of places to describe covers and 2-covers.
Introduction and results
Presentations of finite sporadic simple groups as quotients of Coxeter groups with diagram Y αβγ , cf. Fig. 1 (a), were discovered 30 years ago [6, 7, 23] and remain a subject of considerable interest, cf. e.g. [24, 8, 14, 3, 1, 2] . For instance, the (2) below, cf. [6, p.233] . As explained in Section 3 below, these relations afford the automorphism φ of the diagram swapping b 1 , c 1 , and d 1 with, respectively b 2 , c 2 , and d 2 . Thus Fi 22 has a subgroup isomorphic to a quotient of the Coxeter group with Schläfli symbol [3, 3, 4, 3, 3] , i.e. with the string diagram we will also denote by Groups of this kind arise in the study of abstract regular polytopes, for which the book [17] by P. McMullen and E. Schulte is a definite reference. These objects may be viewed as quotients (satisfying intersection property (1), cf. [17] ) of Coxeter complexes of Coxeter groups with r-node string diagram; here r is called the rank. Abstract regular polytopes are classified according to topology of their vertex figures and facets; they are called locally X if the latter have topology of X. An up-to-date review on group-theoretic approaches to the problem of classification of abstract regular polytopes may be found e.g. in [5] .
Following a problem posed by B. Grünbaum [12, p.196] , particular attention has been paid to finite locally toroidal abstract regular polytopes, in this case the rank is bounded from above by 6, cf. [ [16, Sect. 7] ), where a conjecturally complete list of the finite universal examples is given, see [17, Table 12D1 ] (which is already in [16, Table V]) and [21, Problem 18] . The main results of the present paper give one more example, missing in that table, and remove erroneous infinite series of examples, of which only first terms actually exist.
In more detail, the facets {3, 3, 4, 3} s and vertex figures {3, 4, 3, 3} t here correspond to nontrivial finite quotients [3, 3, 4, 3] s and [3, 4, 3, 3] t of the affine Coxeter groupF 4 , i.e. the groups [3, 3, 4, 3] and [3, 4, 3, 3] , with normal Abelian subgroups either of the form q 4 or q 2 × (2q) 2 , with q ≥ 2, where we follow notation from [6] to denote the direct product (Z/sZ) k of k copies of the cyclic group of order s by s k . The case q 4 is denoted in [16, 17] Here Γ = Γ 4 and Γ 1 are the biggest and the smallest member of the sequence of covers Γ k , with 1 ≤ k ≤ 4. Namely, Γ k is a k!-fold cover of Γ 1 and the group of Γ k is isomorphic to S k × Ω. More details on this are given in Section 3.
A number of comments on Theorem 1 are in order. The claim of finiteness of Γ depends upon coset enumeration, that was, for robustness purposes, carried out using two different implementations of the Todd-Coxeter algorithm: the built-in implementation of GAP system [10] , and ACE implementation by G. Havas and C. Ramsay [13] , also available as a GAP package [9] . Both computations in the case t = (3000), s = (2200) returned the index of the vertex stabiliser, the subgroup F := The quotient by a normal subgroup 2 3 produces the other case, t = (2000), the first entry in [loc.cit.] for t = 2. It shows that the cases with t > 2 in [loc.cit.] in fact do not arise. We will sketch alternative computer-free approaches to a proof of this part of the theorem in Section 5.
No novelty is claimed for the second part of Theorem 2 (e.g. it is already in [16] ), it is added for the sake of completeness.
Currently known (up to taking duals) examples of universal finite polytopes of type {3, 3, 4, 3, 3} are listed in Table 1 . We also give there information on numbers of vertices v, facets f , groups, and whether there exists Γ ∈ {3, 3, 4, 3} s , {3, 4, 3, 3} t with group embedded as a subgroup in a "Y -overgroup", i.e. in a quotient of Y 332 over relations affording φ, as shown on Figure 1 (b). The last example in the table is new, the rest already appear in [16] .
Note that Lemma 13 gives a construction of a finite polytope (not known to be universal at present) with s = (6600), t = (3000) as the mix, of the last two entries in Table 1 . The mix construction from [17, Sect. 7A] provides a useful technical tool for constructing covers, as well as 2-covers, of abstract polytopes, and, more generally, quotients of Coxeter complexes. [17] ). Let G = g 1 , . . . , g r and H = h 1 , . . . , h r be two quotients of an arbitrary Coxeter group F with r generators γ k , so that g k and h k are images of γ k under the respective homomorphisms,
Note that in general G ⋄ H might fail the intersection property, despite it holding in G and H, cf. [17, Sect. 7A6]. Thus we will need extra tools to demonstrate the intersection property in G ⋄ H, in particular [17, Lemma 12D4], which is Lemma 5 below.
Proposition 3 allows to mix two abstract polytopes with the same diagram D, or, more generally, with the groups affording the Coxeter relations from D (in the latter case the actual Coxeter diagram might be a "quotient", in the same sense as Weyl group A 2 × A 2 admits the relations of F 4 ). The corresponding algebraic system is a meet-semilattice, corresponding to the partially ordered set of certain normal subgroups in the Coxeter group with diagram D. One application of this is to construct covers of abstract polytopes, used in Section 4 to analyse the group of Γ in Theorem 1. For the sake of completeness, in Section 6, cf. Proposition 11, we show how to use it to identify the group of the universal polytope {{3, 3, 4, 3} (3000) , {3, 4, 3, 3} (3000) } with (3 2 × L 4 (3)).2 2 , the example studied in a great detail in [18, Sect.4.2] .
Another application of Proposition 3 is to construct certain 2-covers of abstract polytopes. For instance, one constructs a finite abstract polytope of type {{3, 3, 4, 3} s , {3, 4, 3, 3} t } for a new tuple (s, t) of parameters, mixing a pair of examples from Table 1 . More details on this are given in Section 6.
Notation and preliminaries
Our notation for Coxeter groups and diagrams is standard. A Coxeter group G is generated by generators g 1 , . . . , g r , with the relations g 2 i = (g i g j ) kij = 1, for 1 ≤ i < j ≤ r and 2 ≤ k ij < ∞ (more generally, one may assume k ij = ∞, but we will not use this here). Graphically this is drawn as an r-node graph (diagram) D(G) with k ij − 2 edges joining vertices i and j (or, more generally, with labels k ij on the edges for which k ij ≥ 5, but we will not use this here). Groups G for which D(G) is connected are called irreducible; it is a necessary (although not sufficient) condition for the irreducibility of the natural reflection representation of G with generators g i being reflections in R r with respect to hyperplanes H i , with angles between H i and H j determined by k ij . Subgroups Fig. 1 ) correspond to irreducible finite Coxeter groups A α+β , D α+2 , E 6 , E 7 , and E 8 , which are also the Weyl groups of the respective root systems so named. Note that the group A n is isomorphic to the symmetric group S n+1 . If D(G) is an r-path, maybe with multiple edges, one talks about a string diagram, and encodes it as Schläfli symbol [k 12 , k 23 , . . . , k r−1,r ] (assuming the g i are ordered consecutively on the path D(G)). We have already mentioned an example of a string diagram A n ; its Schläfli symbol is [3 n−1 ], where we abbreviated n − 1 consecutive 3's as 3 n−1 . Other examples we need here of irreducible finite Coxeter groups with string diagram are F 4 , with Schläfli symbol [3, 4, 3] , cf. Fig. 2 , and B n , with Schläfli symbol [4, 3 n−2 ]. Further, we are interested in quotients of G that satisfy intersection property, that is
For instance, finite quotients p 6 :E 6 , of the affine Coxeter groupẼ 6 , i.e. the Coxeter group with diagram Y 222 , and finite quotients p 4 :F 4 of the affine Coxeter group F 4 , (the group with Schläfli symbol [3, 3, 4, 3] ) satisfy the intersection property whenever p ≥ 2.
Quotients of G with string diagram that satisfy (1) are called string C-groups in [16, 17] , and they correspond to abstract r-polytopes. The order complexes of these polytopes are quotients of the Coxeter complex [25, Chapter 2], [20, 4] of G, a simplicial complex built from the cosets of the parabolic subgroups G I ≤ G, I ⊆ {1, . . . , r}, with respect to the respective normal subgroups (the latter might be trivial), cf. [17, Sect. 2C, 3D]. In particular for finite irreducible G they are classical polytopes: n-simplices for A n , n-cubes for B n , the 24-cell {3, 4, 3} for F 4 , etc. Abstract regular polytopes are also known as satisfying the intersection property thin diagram geometries with string diagram, see e.g. [20, 4] . By P f , P v we denote the class of all polytopes with facets isomorphic to P f and vertex figures isomorphic to P v . This class contains unique polytope, called the universal polytope {P f , P v }, which covers each member of the class, cf. [17, Thm.4A2] .
In the sequel we will need a classification of abstract polytopes of type {3, 3, 4, 3} and, dually, {3, 4, 3, 3}. Due to duality, it suffices to deal with the former, corresponding to the quotients of the affine Coxeter groupF 4 , see [16] Let Π be a finite abstract regular polytope {3, 3, 4, 3} t . Then for t = s its group is isomorphic to [3, 3, 4, 3] subject to the extra relation (aστ σ) s = 1, with τ and σ as on Fig. 3, whereas for 
Sporadic Y -presentations and their twists
Our Theorem 1 will follow at once from the following.
Theorem 6. Let Γ be a locally toroid rank 6 abstract regular polytope with vertex figures of type {3, 4, 3, 3} s and facets of type {3, 3, 4, 3} t . Let s = (3000) and t = (2200). Then Γ is finite and isomorphic to Γ k , for some 1 ≤ k ≤ 4, defined in and after Theorem 1. In particular, Γ is a quotient of Γ 4 , and the group of Γ k is isomorphic to S k × Ω.
According to [6] , the sporadic simple group Fi 22 has a presentation Y 332 on Fig. 1(b) subject to extra relations S = f 12 = f 21 = 1, where
, where {i, j, k} = {1, 2, 3}.
The following observation was the starting point of this project.
Lemma 7. Let φ be the automorphism of the diagram Y 332 from Fig. 1(b) . Then S φ and S generate the same normal subgroup, and f
Proof. Note that S, S φ ∈ Y 222 =Ẽ 6 , and it is straightforward to check that they generate the same E 6 -invariant sublattice in the 6-dimensional E 6 -invariant lattice. The rest of the statement is obvious. At this point we can already conclude that the example of {3, 3, 4, 3, 3}-polytope provided by Θ does not appear in [16, Table V ], as the pair of vectors s = (3000) and t = (2200) determining the vertex figure and the facet is not present there.
In view of Lemma 7, Fi 22 contains a quotient
As φ on Fig. 1(b (2) . We should also mention that the [3, 4, 3 3 ]-subgroup in this group, which corresponds to a locally toroidal polytope of the type considered in [17, Sect. 12C], is isomorphic to L 4 (3):2, shown to be a subgroup in F 4 (2) by L. Soicher [24] by an argument involving a diagram automorphism similar to φ.
Another existence proof of Γ 1 , and existence of its covers
Here we present another, direct, existence proof of Γ 1 , and complete the proof of Theorem 6 by constructing its covers.
We begin by writing down a presentation P for Θ, the group of the universal cover of the examples from Theorem 6. In our context it simply means that in P we do not impose any relations that involve all the generators. As Θ is the group of the (unique) universal polytope, we can conclude without loss in generality that P is
Figure 5. The presentation P for Θ, nodes labelled by generators.
Lemma 9.
There is a surjective homomorphismˆ: Θ → O + 8 (2):S 3 , with its image, the group of Γ 1 , satisfying the intersection property.
Proof. The embedding will be given by matrices in GL 24 (2) , with all the elements, except imagesâ andf of a and f , permutation matrices. Namely, b, c, d, e = F 4 embeds as the permutation group in its natural action on the vertices of the 24-cell. The latter action has an imprimitivity system with three blocks of size 8, which will correspond to the three natural 8-dimensional submodules for O + 8 (2):2. We choose the generators so that the blocks are {1..8}, {9..16}, and {17..24}, and so that the centre of F 4 is the permutation (1, 2)(3, 4) . . . (23, 24) . Let us slightly abuse notation and view the following as specifications of 24 × 24-permutation matrices over F 2 .
(i + 3, i + 8)(i + 4, i + 7),ĉ =(3, 6)(4, 5)(11, 14)(12, 13)(17, 24)(18, 23),
In terms of the 24-cell, the size 8 imprimitivity block of a vertex v consists of the antipodal to v vertex of the 24-cell, and the vertices antipodal to v in each of the 6 octahedra (facets of the 24-cell) on v. The stabiliser of the block in F 4 is b ,ĉ,d,τ .
Define matrices over F 2 , using I k to denote k × k identity matrix, and E ij to denote the matrix with 1 in the position ij and 0 elsewhere. 
Now it is routine to check that the relations in P hold for just definedâ,. . . ,f . As well, the elementsâ,. . . ,f leave invariant the quadratic form Φ := ) is generated by such elements, and asΘ is generated by O andd,ê,f , we haveΘ ≤ H. Therefore H = G, as claimed.
The case s = (2000)
First, we prove Theorem 2. Let Γ = {{3, 3, 4, 3} (2000) , {3, 4, 3, 3}}. Then its group Θ has presentation as follows.
Enumeration of cosets of the facet stabiliser a, b, c, d, e in Θ shows that |Θ| = 2 18 ·3 2 . Working in the resulting permutation representation one computes the orders of f τ στ and f τ στ σ to be 4, thus identifying the stabiliser of the vertex with the one corresponding to the type {3, 4, 3, 3} (2200) , as claimed.
The polytope Γ corresponds to the second entry in [17, More conceptually, one can notice that it is proved on [17, page 463 ] that the number of vertices in Γ equals 32. In particular, it means that the index of the subgroup H := b, c, d, e, f in Θ is 32. Let π : Θ →Θ be the permutation representation of Θ on the cosets of H, and K its kernel. As H is a quotient ofF 4 , and K is a normal subgroup there, we see that K is very small. It cannot contain a faithful 4-dimensional module for F 4 , as the latter would admit an action of a commuting with the action of d, e, f , but still inducing a faithful action of a, b (as the action of b, c would be faithful, and the latter is conjugate to a, b ). This implies that |K| ≤ 8.
Another possibility is to carry out the computation of a presentation for H applying the Reidemeister-Schreier algorithm (which produces a presentation of a finite index subgroup of a finitely presented group) cf. e.g. [15] , and find that H = [3, 4, 3 2 ] (2200) . The group G also features on [6, pp.232-233] as a quotient of X 332 , a re-labelling of Y 332 , with the node c 3 of the latter denoted by a 3 , by an explicitly given relation W . In complete analogy with the Fi 22 situation, the relation W affords the automorphism φ, and allows one to establish the existence of Γ directly. Lemma 11. The group of Γ = {{3, 3, 4, 3} (3000) , {3, 4, 3, 3} (3000) } is isomorphic to (3 2 × L 4 (3)).2 2 .
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Proof. (Sketch) From coset enumeration, we know the order of the group in question. The groupΘ := L 4 (3):2 2 ∼ = PGO + 6 (3) has a maximal subgroup isomorphic to [3, 3, 4, 3] (3000) , according to [6] . As well, its central extension by the group of order 2, which is in fact split, is constructed in [18, Sect.4 .2] as a quotient of the group Θ of Γ (more precisely, as the reduction modulo 3 of the natural 6-dimensional representation of the Coxeter group [3, 3, 4, 3, 3] ).
Let Ω be the quotient of Θ obtained by imposed the extra relation that the generators (in the Coxeter diagram) of the "middle" dihedral subgroup of order 8 commute. It is easy to check that Ω = S 3 × S 3 . Consider the mix P :=Θ ⋄ Ω. One sees that the P contains a copy of the simple group L 4 (3), by considering words in P corresponding to elements ofΘ of order 13. Thus it also contains O 3 (Ω) = 3 2 .
